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Abstract. We provide a tool for studying properly discontinuous actions of 
non-compact groups on locally compact, connected and paracompact spaces, 
by embedding such an action in a suitable zero-dimensional compactifica- 
tion of the underlying space with pleasant properties. Precisely, given such 
an action (G, X) we construct a zero-dimensional compactification fiX of X 
with the properties: (a) there exists an extension of the action on fiX, (b) if 
fj,L C fiX \ X is the set of the limit points of the orbits of the initial action 
in fiX, then the restricted action (G, fiX \ fiL) remains properly discontinu- 
ous, is indivisible and equicontinuous with respect to the uniformity induced 
on fj,X \ fiL by that of fj,X, and (c) fj,X is the maximal among the zero- 
dimensional compactifications of X with these properties. Proper actions are 
usually embedded in the end point compactification eX of X, in order to ob- 
tain topological invariants concerning the cardinality of the space of the ends 
of X , provided that X has an additional "nice" property of rather local char- 
acter ("property Z", i.e., every compact subset of X is contained in a compact 
and connected one). If the considered space has this property, our new com- 
pactification coincides with the end point one. On the other hand, we give an 
example of a space not having the "property Z" for which our compactification 
is different from the end point compactification. As an application, we show 
that the invariant concerning the cardinality of the ends of X holds also for 
a class of actions strictly containing the properly discontinuous ones and for 
spaces not necessarily having "property Z". 



Introduction 

The end point compactification of a locally compact space has been proved fruit- 
ful for the study of the space in the topological framework, including proper actions. 
One reason for this is that we have a "clear view" of the embedded space in such 
a compactification, contrary to the situation when, for example, the Stone-Cech 
compactification is consider instead. Actually, the end point compactification is 
the quotient space of the Stone-Cech compactification with respect to the equiva- 
lence relation whose equivalence classes are the singletons of X and the connected 
components of (3X \ X. 

Our purpose in this paper is to provide an equivariant and analogously useful 
notion corresponding to the end point compactification in order to have a "clear 
view" of the embedded proper action. By saying a "clear view" of the embedded 
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action we mean that the embedded action has at least the three properties that 
follow: 

Let (G, X) be the initial proper action, (G, Y) the extended action in a zero- 
dimensional compactification Y of X and L be the set of the limit points of the 
orbits of the initial action in Y (i.e., the cluster points of the nets {gix}, for all nets 
{gi} divergent in G, and x G X), then the maximal invariant subspace where the 
extended action can be proper is, obviously, Y\L D X. So, the required properties 
are: The action (G, Y\L) 

(a) remains proper 

(b) is equicontinuous with respect to the uniformity induced on Y \ L by that of 
Y, and 

(c) is indivisible, (i.e., if lim giy = e e L for some y e Y \ L then lim^y = e 
for every y £Y\L). 

In this direction the main results of the paper at hand are: 

(1) If X is a locally compact, connected and paracompact space and G is a 
non-compact group acting properly discontinuous on X, there always exists a zero- 
dimensional compactification [iX of X which is the maximal (in the ordering of 
zero-dimensional compactifications of X) that satisfies the properties: (a) the initial 
action can be extended on /j,X, and (b) if fj,L denotes the set of the limit points of 
the orbits of the initial action in fiX, the restricted action (G, \iX \ fiL) remains 
proper, is equicontinuous with respect to the uniformity induced on [iX \ /j,L by 
that of \iX and indivisible as embedded in the action (G,/j,X) (Theorem 6.2). 

(2) p,L consists of at most two or infinitely many points (Theorem 6.3). 

(3) If X has the "property Z", i.e., every compact subset of X is contained in 
a compact and connected one (for example if X is locally compact, connected and 
locally connected) then [lX coincides with the end point compactification eX of X 
(Corollary in Section 6). 

The proof of the results stated above relies on a new construction: The action 
(G, nX) is obtained by taking the initial action as an equivariant inverse limit 
of properly discontinuous G-actions on polyhcdra, which are constructed via G- 
invariant locally finite open coverings of X, generated by locally finite coverings of 
(always existing) suitable fundamental sets of the initial action (cf. Section 3). 

As an application of these results we prove in Theorem 7.1 that the invariant 
concerning the cardinality of the ends for proper actions of non-compact groups on 
locally compact and connected spaces with the "property Z" , holds also for proper 
actions on spaces not necessarily satisfying this property: 

If either Go, the connected component of the neutral clement of G, is non- 
compact, or Go is compact and G/Go contains an infinite discrete subgroup, then 
X has at most two or infinitely many ends. 

Moreover, in Section 2 we give an example of a properly discontinuous action 
(G, X), where G is a non-compact group and X is a locally compact, connected 
and paracompact space not satisfying the "property Z" such that [iX docs not 
coincide with the end point compactification of X: we show that the sets of the 
limit points of the actions (G, X) and (G, eX \ eL) in eX coincide, but the action 
(G, eX \ eL) is neither proper nor equicontinuous with respect to the uniformity 
induced on eX \ eL by that of eX. 

Properties (a) and (b) in (1) above have been used already especially concerning 
embeddings in the end point compactification, in order to prove that the existence 
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of a proper action (G, X) of a non-compact group on a locally compact, connected 
and paracompact space with the "property Z" has implications in the structure 
and the cardinality of the space of ends of X. The following indications trace the 
known results in this direction: 

The first theorem that relates, although indirectly, equicontinuous actions with 
structural features of spaces, is formulated by Kerekjarto (1934), who proved that, if 
the abelian group generated by a homeomorphism of the 2-sphere, S 2 , acts equicon- 
tinuously on S 2 with respect to the metric uniformity of S 2 except for a finite num- 
ber of points, then the number of these exceptional points is at most two. These 
points can be viewed as the set of the end points of the maximal subspace of S 2 
on which the above group acts equicontinuously. This result is considerably gener- 
alized by Lam in [7j for equicontinuous actions of non-compact groups on locally 
compact, connected metric spaces X with respect to uniformities induced, say, by 
the uniformities of suitable zero-dimensional compactifications of X, i.e., compacti- 
fications with zero-dimensional remainder. Roughly speaking it is shown that, if an 
action (G, X) can be embedded in an action (G, Y), where Y is a zero-dimensional 
compactification of X, such that 

(a) there exists a subset R 3 X of Y such that Y \ R is exactly the non-empty 
set of the points where the action (G, Y) is not equicontinuous, and 

(b) the restricted action (G,R) is indivisible (i.e., if limc^yo = e <E Y \ R for 
some yo 6 R then lim giy = e for every y £ R), 

then Y \ R consists of at most two or infinitely many points. 

On the other hand, similar results are proved by Abels in [2] for proper actions 
(G,X), where G was a non-compact topological group and X was a locally com- 
pact and connected space with the "property Z" (i.e., every compact subset of X is 
contained in a compact and connected one). The corresponding property in Lam's 
work was X to be semicontinuum , which ensured the indivisibility of the equicon- 
tinuous action on R. In [2] it is considered the end point compactification, eX, 
of X , the maximal compactification of it with zero-dimensional remainder, instead 
of an appropriate zero-dimensional compactification Y of X, and it is proved that 
such a proper action (G,X) has an extension on eX. To be more precise, let eL 
denotes the set of the limit points of the action (G, X) in eX. Then, it was shown 
that (a) the action (G, eX \ eL) remains proper and (b) it is indivisible. Using 
this embedding, it was shown that X has at most two or infinitely many ends, a 
remarkable invariant of the proper action (G, X) of the non-compact group G. 

The interconnection of the main results in [7] and [2] is explained in [llj , where it 
was shown that, for spaces with the "property Z", a group acting equicontinuously 
in Lam's view may considered as a dense (not necessarily strict) subgroup of a 
group acting properly as in Abels' view. 

1. Preliminaries 

1.1. The Freudenthal or end point compactification eX of a locally compact space 
X may defined as the quotient space of the Stone-Cech compactification (3X of X 
with respect to the equivalence relation whose equivalence classes are the singletons 
of X and the connected components of (3X \ X . Recall that the zero-dimensional 
compactifications of X are ordered with respect to the following ordering: Let Y 
and Z be two zero-dimensional compactifications of X; then Y < Z if there exists 
a surjection from Z onto Y extending the identity map of X. Therefore, the end 
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point compactification is the maximal zero-dimensional compactification of X, i.e., 
for every zero-dimensional compactification Y of X there is a surjection p : eX — > Y 
extending the identity map of X. 

The points of eX \ X are the ends of X. 

The following theorem, [5], provides an equivalent definition. 

Theorem 1.1.1. IfY is a compactification of X, it is the end point compactifica- 
tion of X iffY\X is totally disconnected and does not disconnect Y locally, i.e., 
given an open (in Y ) neighborhood V of y G Y \X then there is no decomposition 
of V n X into two open disjoint subsets U\, Ui such that y G U\ D Ui- 

The end point compactification has the following useful properties. 

Proposition 1.1.2. Let X and Y be two locally compact topological spaces. Then 
every proper map f : X — > Y may extended to a unique map ef : eX eY that 
maps ends of X to ends ofY. 

Proof. By the characteristic property of the Stone-Cech compactification, the map 
/ : X — > Y has a unique extension ef : eX — > eY. The inclusion ef(eX \ X) C 
eY \ Y follows from the assumption that / is a proper map. □ 

Proposition 1.1.3. Let X be a locally compact and connected space and Y be 
a zero- dimensional compactification of X. Then, whenever a continuous action 
(G,X) has an extension (G,Y) this extension is continuous. 

Proof. It suffices to show the continuity of the extended action map at the point 
(e, z), where e is the neutral element of G and z € Y. Let V and U be two 
open neighborhoods of z in Y with boundaries in X such that V C U. Since the 
boundaries dU and dV are compact subsets of X, the set A = {g G G | gdV C 
U and g~ 1 dll C Y \ V} is an open neighborhood of e in G. We shall show that 
gV C U for every g G A: The boundary of the set gV fl (Y \ U) is contained in 
(gdV n (Y \ U)) n (fifF n <9E/), which is empty by the definition of A. Since Y is 
connected, this implies that gV fl (Y \ U) is either the empty set or coincides with 
Y. The latter is impossible since, choosing a point x G dV, the definition of A 
implies that gx £ Y \ U. Therefore gV D (Y \ U) = 0. □ 

As an immediate consequence of the above two propositions we state the follow- 
ing 

Corollary 1.1.4. An action (G,X) of a group G on a locally compact and con- 
nected space X may extended to a unique action on the end point compactification 
eX ofX. 

1.2. The notion of a proper action is given in [H III, 4]. Equivalently, an action 
(G,X) is proper if J{x) is the empty set for every x G X, where 

J(x) = {y G X | there exist nets {x{\ in X and {g{\ in G with — > oo, 
lima;^ = x and lim^a^ = y}. 

Here <?; — * oo means that the net {g{\ does not have any limit point in G. 

In the special case where G is locally compact, an action (G, X) is proper iff for 
every x, y G X there exist neighborhoods U x and U y of x and y, respectively, such 
that the set 

G(U X , U y )={geG\ (gU x ) n U y ^ 0} 
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is relatively compact in G. 

The action is called properly discontinuous when G(U X , U y ) is finite. 

Remark Let (G, X) be a proper action of a non-compact group G and (G, eX) its 
extension on the end point compactification of X . Then, the set J(x) with respect 
to the extended action is a non-empty subset of eX \ X for every x G X. The 
study of these sets provides useful information. As an example, we note from [2] 
the following 

Theorem 1.2.1. Let (G,X) be a proper action of a non-compact group G on a 
locally compact and connected space X with the "property Z". Then, X has at most 
two or infinitely many ends. Especially, if G is connected, then X has at most two 
ends. 

1.3. A characteristic and very useful feature of a proper action is the fundamental 
set (cf. £ and pQ). 

Definition Given an action (G, A), a subset F of X is a fundamental set for the 
action if GF — X and for every compact subset K oi X the set {g £ G (gK)nF ^ 
0} is relatively compact in G. 

The existence of a fundamental set implies that the action (G, X) is proper, but 
the converse does not hold, in general. The notion of the fundamental set is relative 
to the well known notion of a section but is different in general, in the sense that 
there are cases where a section is a fundamental set, a fundamental set fails to be 
a section and cases where a section fails to be a fundamental set. 

Theorem 1.3.1. Let (G,X) be a proper action, where X is a locally compact, 
connected and paracompact space. Then, there exist open fundamental sets F and 
S for G in X such that F C S . 

This follows immediately by [6l Lemma 2, p. 8], because X is c-compact, hence 
the orbit space of the action is paracompact. 

1.4. Establishing the notation, we recall 

Definition An inverse system (X\,p K \, A) consists of a directed set A, a family 
of topological spaces {X\, A € A}, and continuous mappings p K \ : X\ — » X K 
with the properties that for every k, A, /i £ A with k, < A and A < fi the map 
pxx : X\ — > X\ is the identity of X\, and p K \ o p Xll = p Ktl . Let p\ :]J X X\ ^ X\ 
be the A-projection. The (possibly empty) space 

{x e JJAa \ p K {x) =Pk\ °P\{x) for every k < A} 

A 

is called the inverse limit of {X\, A s A} and is denoted by lim X\ . 

Proposition 1.4.1 (0 Pr. 2.3, p. 428]). The sets {p^(U) A 6 A, U openmX x } 
form a basis for lim X\ . 

The following notion provides an alternative way to describe locally compact 
and paracompact spaces using coverings. 
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Definition Let X be a paracompact space, (X\,p K \, A) be an inverse system and 
{p\ | A G A} a family of mappings p\ : X — > X\ such that p K (x) = p K \ o px(x) for 
every k < A. We say that the inverse system (X\,p K \, A) is a resolution of X if the 
following conditions hold: 

(a) For every covering IA of X that admits a subordinated partition of unity, 
there exist an index A £ A and a covering Z//\ of X\ that also admits a subordinated 
partition of unity, such that p^QAx) refines IA. 

(b) For every k £ A and every covering U K of X K , as above, there exists A > n 
such that p K \(X\) C St(p K (X),U K ), where 

St{B,U) = \J{Ui \UiHB ^0,f/jeW} 

is the siar of -B with respect to the covering £Y. 

Theorem 1.4.2 ( 8, Cor. 4, p. 83]). J/ f/ie spaces X\ are normal and X is 
paracompact, then a resolution of X gives X as an inverse limit. 

2. A COUNTEREXAMPLE 

Following the notation in the introduction, we now give an example showing 
that, if the space X does not have the "property Z", then the action (G,eX \ eL) 
is not necessarily proper or equicontinuous. 

2.1. The half-open Alexandroff square Y is the space [0, 1] x [0, 1] \ {(x, y) \ x — 
Oandy S (0, 1] or a; = 1 andy S [0, 1)} endowed with the topology r defined as fol- 
lows: A neighborhood basis of a point (x,x) E A = {(x, x) \ x S [0, 1]} is obtained 
by the intersection of Y with open (in FC1 2 ) horizontal stripes less a finite num- 
ber of vertical lines; a neighborhood basis for the points p = (s, t) off A is obtained 
by the intersection of Y \ A with open vertical segments centered at p (cf. [TOl 
Ex. 101, p. 120]). This space is a compact, connected and not locally connected 
Hausdorff space. Observe that, if is a net converging with respect to the 
Euclidean topology on Y to a point (x,y), then this net converges to (y,y) with 
respect to r, unless there is an index ig such that x% — x for all i > io, in which 
case it converges to (x,y). 

2.2. Let X be the subspace (0, 1) x (0, 1) of Y. This space is locally compact, con- 
nected and paracompact, because the closed horizontal stripes are compact subsets 
of X. It does not have the "property Z", because every closed horizontal stripe is 
not contained in a compact and connected subset of X. 

The space Y is the end point compactification, eX, of X, and the ends are the 
points (x, 0) for x £ [0, 1) and (x, 1) for x 6 (0, 1]. In order to prove this, by The- 
orem 1.1.1, it is sufficient to verify that the set Y \ X is totally disconnected and 
that every point of it does not disconnect Y locally: For the points of the form 
(x,0) and (x, 1) for x E (0, 1) this follows from the fact that a neighborhood basis 
of every one of these points consists of half-open vertical segments which they do 
not disconnect Y locally. To verify the same for the points (0, 0) and (1, 1) observe 
that, if there is a neighborhood V (in Y) for, e.g., (0,0) such that V fl X is the 
union of two open sets (in X) having (0, 0) as a common point of their closures in 
Y , then they have common interior points. 

2.3. Next we define a properly discontinuous action of the additive group of the 
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integers Z on X . For convenience, we consider X as R 2 endowed with the topology 
t, and we define the action by letting 

z[x, y) — (x + z,y + z) for z G 7L and (x, y) el 2 . 

By Corollary 1.1.4, this action has an extension on Y = eX. The set eL, of the limit 
points of this action, consists of the points (0,0) and (1, 1). The restricted action 
(Z, eX \ eL) is neither proper nor equicontinuous with respect to the uniformity 
induced on eX\eL by that of eX. For this, observe that the sequence {(x—n, x) \ n G 
N} converges to the point {x,x), while the sequence {n(x — n,x) — {x,x + n)} 
converges to an end e that corresponds to the vertical line {(x,y)\y G R}. Since 
e G J((x, x)), the action (Z, eX \ eL) is not proper. On the other hand, limn(x — 
n,x) — e and limn^x, x) = (1,1), therefore this action is not equicontinuous at 
(x,x). 

3. The basic construction 

In the sequel we shall proceed to answer the question formulated in the intro- 
duction. Our answer will be based on an inverse system of properly discontinuous 
actions on polyhedra, defined from the initial action on X. This is achieved using 
appropriate invariant locally finite coverings of the given space, in order to have the 
initial action as an inverse limit of them. To obtain this, it is reasonable to work 
with invariant coverings of X extending specific coverings of always existing fun- 
damental sets of the initial action. The construction of this inverse system, which 
follows, is new and will be given in several steps: 

3.1. Let (G,X) be a properly discontinuous action of a non-compact group G 
on a locally compact, connected and paracompact space X. Recall that a cover- 
ing V of X is called a barycentric refinement of a given covering if the covering 
{St(x, V) | x G X} refines it, where St(x, V) has been defined in 1.4. Since X is a 
locally compact and paracompact space, by Cor. 7.4, p. 242], starting with an 
open covering of X, we can always find an open locally finite barycentric refinement 
V = {Vj \jeJ} of it consisting of relatively compact open sets. 

3.2. Theorem 1.3.1 ensures that there exist open fundamental sets F and S such 
that F C S. With the previous notation, we can choose V such that (a) if Vj 
intersects the boundary of the open fundamental set S, then Vj does not intersect 
the open fundamental set F, and (b) if Vj does not intersect the boundary of S 
then either Vj C S or Vj C X \ S. The family U = {St(x, V) \ x G F} is an open 
locally finite covering of F (in X); it is also a covering of F, because if some Vj 
intersects the boundary of F then intersects F, hence is a member of a star of some 
point of F. From (a) and (b) it is easily seen that each member of U is a subset of S. 

3.3. In the sequel we shall use the following modification of the previous con- 
struction, aiming to enrich U with the property: if Ui G U and gUi H F ^ for 
some g G G, then gUi G U. To this end, let W = {Wk \ k G K} be a locally finite 
refinement of V with the property that the closures of the stars of it are subsets of 
corresponding stars of V. Now, we observe that the set M t = {g G G \ gUi D F =/= 0} 
is non-empty and finite, because the action is properly discontinuous, Ui is relatively 
compact and F C S (cf. 1.2 and 1.3). 
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If x £ Wk C Ui for some Ui £ U, and gx £ F, then g £ Mj which is finite. So, 
for x £ X we can find a neighborhood iV^ C (/; of j: such that, if gA^ n F ^ 0, 
then <77V X is a subset of some Uj. Since 14^ is compact, we can replace this Wk by 
a finite number of neighborhoods like N x and the corresponding open sets gN x for 
g G Mi. In this way, we obtain a refinement of U which will be denoted again with 
U, and shall be used in the sequel. 

This refinement remains locally finite and, in addition, has the required property, 
because if gN x n F ^ 0, then gUi (~l F ^ 0, from which follows that g £ Mj, hence 
gA^ is a member of our refinement. It is easily seen that this property passes to 
the family {St(x,U) \ x € F}, because if gx 6 F, then gSt(x,U) — St(gx,U). 

3.4. Next, using the covering U of F defined in 3.3, we consider the invariant 
covering C = {gUi | [Tj G U, g £ G} of X. We show that it is locally finite: For 
x G X there exists h £ G such that G F. Since F is open, there exists an 
open and relatively compact neighborhood N C F of hx that intersects finitely 
many members of U. Then, the neighborhood h~ 1 N of x intersects finitely many 
members of C, because by 3.3, if gUi fl N ^ 0, then grZTi G 

3.5. To each covering like C corresponds a polyhedron Xq, namely the nerve 
of the covering C with the CW-topology. A subordinated partition of unity $c = 
{ipu | U £ C} determines a canonical map pc X Xc with the property that pc 
maps a point x £ X to the point of Xc whose barycentric coordinate corresponding 
to the vertex U equals to ipu(x). 

Since C is invariant, the initial properly discontinuous action (G,X) induces a 
natural action (G,Xc) defined as follows: For g £ G and U a vertex of C we let 
(<?, U) i— > gU and we extend the action map by linearity. This action is properly 
discontinuous as it is easily verified. 

3.6. The construction of the desired inverse system of properly discontinuous ac- 
tions on polyhedra will be based in the proof of the following theorem (cf. [3] , see 
also 8» Th. 7 and Cor. 5, pp. 84-85]). 

Theorem Every connected, locally compact and paracompact space is the inverse 
limit of polyhedra. 

For the convenience of the reader, we outline the proof: Let X be a connected, 
locally compact paracompact space and J~ be the family of all coverings of X ad- 
mitting a subordinated partition of unity. For every V £ J- we choose a locally 
finite partition of unity $t> subordinated to V. Let X-p be the nerve of T> with the 
CW-topology. Let A be the set of all finite subsets A = (T>\, ... ,T> n ) of T ordered 
by inclusion. We denote by X\ the nerve of the covering 

2?i A . . . A V n = {Vi n . . . n V n I (F x , . . . , v n ) e V x x . . . x V n }. 

If A < [i = {2?i, . . . , T> n , . . . ,T>i}, let p\^ : X^ — > X\ be the simplicial map which 
maps the vertex (Vi, . . . , V n , . . . , Vi) of the nerve Pi A ... A T>„ A ... A T>i to the 
vertex (Vi, ... , V n ) of the nerve of T>\ A . . . A T> n . 
As it is shown in [3], the family 



®-D x A...KD„ = {<P(Vi,...,V„) I (Vl, ■ ■ ■ , V n ) £ £>i X . . . X P„}, 
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where ¥?(Vi,...,v„) — 'Pv l ■■ ■ •• <Pv„, is a partition of unity subordinated to the covering 
T>\ A .. . A 2? n - Using this, for A = (Pi, . . . ,V n ) we define the canonical map 
p\ : X — ► as in 3.5. 

In order to obtain a polyhedral resolution of X (cf. 1.4), a slight modification of 
the above construction is needed: 

We replace the previous inverse system {X\ , p\^ , A) by a larger system (Y r ,q rs ,S) 
defined as follows: For A £ A let Va be a neighborhood basis of the closure of p\(X) 
in A"a, and 

S = {r = (A, V) | A G A and V £ V A }. 

Let r < s = (fi, W) if A < and P\ I1 (W) C V. Moreover, letting F r = V, for r < s 
we define the map q rs : Y s — > F r as the restriction of on W. 

Taking into account the fact that J~ consists of all coverings of X admitting 
subordinated partitions of unity, it is proved that X = lim Y r = lim A" a . 

3.7. If we replace J~ by P, the family of the coverings of X of the form C — 
{gUi \ Ui G U, g G G} defined in 3.4, and we repeat the previous steps, we obtain 
an inverse system, denoted (for simplicity) again by (X\,p\^, A). Since we use star 
coverings, we note that St(x,V 1 ) n St(x,T>2) = St(x,T> 1 A T>2). 

3.8. If we restrict ourselves to the fundamental set F C X, the coverings from 
"P induce a family of coverings on F defined by intersections of each one covering 
with F. This family is cofinal to the corresponding one defined analogously via J~ 
on F. Since, "P is not cofinal to J- regarded as families of coverings of X, we shall 
focus in the induced coverings of the fundamental set F, where we may assume 
that the members of both families are the same. Note that, by [U I, Cor., p. 49], 
F = \imp\{F) holds, with respect to both J- and "P. Moreover, with respect to 

we have \imp\(F) = F C X, by the theorem in 3.6, while, with respect to "P 
and the notation from 3.7, F C lim X\ . 

4. The initial action as inverse limit of actions on polyhedra 

Lemma 4.1. Let Ci G P. For the covering C\ A. . . AC n , there exists a subordinated 

partition of unity $CiA...aC„ = W(Vx V n ) I (Vij • • • j Ki) G Ci x . . . x C„} such that 

V{V u ...,V n ) = V{gV u -,gV n ) °9, for every g G G. 

Proof. If the assertion is true for every single covering C, then 

f(gV U -,gV n ) off = [(<PVi °.9 _1 ) ' • ■ ■ • (<Pv n °.9 _1 )] °9 = <Pv t ■ ••• • ¥V„ = ^(Vi,...,^)- 

So, it suffices to prove the assertion for a covering C = {gUi \ Ui eW, 3 G G} as in 
3.4. We follow the usual construction (cf. [5] Th. 4.2, p. 170]): We choose locally 
finite coverings {Vi \ i G 1} and {Wi | i £ /} of the open fundamental set F such 
that Wi C Vi C Vi C f/i for every i £ I. We can apply Uryshon's Theorem in 
order to find continuous maps fu i : X — > [0,1] which are identically 1 on Wi and 
vanish on X \ V^. We set f g jj i — fu t for every g G G. Since the covering 
{gWi I i £ I, g £ G} is locally finite, it follows that for each x £ X at least one 
and at most finitely many f g u i are not zero, therefore f g u i is a well-defined 
continuous real-valued map on X and is never zero. So, we can define the required 
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partition of unity by setting 



<PgU t (y) = 



fgUi (y) 



E fgu, (y) ' 



Since x S Ui iff gx £ gUi, we have 




□ 



Theorem 4.2. With the notation from 3.7, X is equivariantly homeomorphic to 
lim X\ . 

Proof. We recall that the actions (G, X\) defined in 3.5 induce an action on \m\X\ 
as follows: Let g € G and x € hm X\ with coordinates ^(x). The coordinates of 
gx are gp\{x), i.e., p\{gx) — gp\{x). This action is well defined since the maps 
PXti ■ X^ — > Xa have the property px^gx^) = gp\ni x n) for every g <E G and 
£ -^ju; by the definition of the action on each X\. 

An equivariant homeomorphism / : X — > limXA niay defined in the following 
way: For x £ X there exists some g G G such that gx £ F (cf. 1.3). We let /(x) 
to be the point with coordinates p\{f{x)) — g~ 1 (p\(gx)). We will prove that / 
is well defined: It suffices to prove that, if x 6 X and g E G with gx G F, then 
g~ 1 (p\(gx)) is independent of the choice of g. Indeed, with the notation from 3.5 
and 3.6 let x e V\ (~l . . . CI V n . Then, by the definition of the actions on the polyhedra 
and the previous lemma, we have: 

V(g-^gV 1 .,..., a -igV n ){9~ 1 {P\{gx))) = f(gVi,...,gV n )(Px(9x)) = <P(Vi,...,V n )(Px( x ))- 

Using this and the fact that / is the identity map on the open fundamental set F, 
we can first verify that / is equivariant and then a homeomorphism. □ 

5. The embedding of the action in lim eX\ and its basic properties 

Theorem 5.1. The space limeX\ is a zero dimensional compactification of X. 
Moreover, G acts on lime^A and (G,X) is equivariantly embedded in (G, limeX\). 

Proof. The simplicial maps p\^ : X^ — ► X\ arc proper surjections. Hence, by 
Proposition 1.1.2, they have unique extensions ep\^ : eX^ — > eX\ that map the 
space of the ends of X^ onto that of X\. Furthermore, ep\\ : eX\ — ► eX\ is the 
identity map of eX\, and for n < X and A < \i we have ep K \ o epx^ = ep K ^. Hence, 
they define an inverse limit, lim eX\ . 

Using the fact that each eX\ is a zero-dimensional compactification of X\ and 
applying Proposition 1.4.1, we see that lim eX\ is a zero-dimensional compactifica- 
tion of limlj. By Corollary 1.1.4, the action of G on X\ is extended to an action 
on eX\ such that the following equivariant diagram commutes 



(G,limX A ) 



idG xh 



(G, \imeXx) 



id G xp A 



id G X£p A 



(G,X X ) 



id G X i x 



(G, eX\) 
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where i\ : X\ — ► eX\ are the inclusion maps, p\ : limX\ — > Xa and epA : 
limeXA — > e^A are projections, idg is the identity map of G and h : lim^A — > 
lim e a is defined by setting /i a = «a- 

That (G, X) embeds equivariantly in (G, limeX\) is an immediate consequence 
of Theorem 4.2 and the above diagram. □ 

Remark The example in Section 2 shows that lim eX\ does not necessarily coincide 
with the end point compactification eX of X. However, 

Proposition 5.2. If X has finitely many ends, then eX = lime^A- 

Proof. Let for i = 1, 2, . . . , n be the ends of X and Vi,V2, ■ ■ ■ ,V n be open neigh- 
borhoods of them in eX, respectively, with disjoint closures and boundaries lying 
in X. Then, the set K = eX \ U™ = i ^ is a compact subset of X. Let ei, e 2 be 
two distinct ends in eX with the same image in lim eX\ via the projection map 
p : eX — > hmeXA- Such a projection exists since, by Theorem 5.1, lim eX\ is a 
zero-dimensional compactification of X and eX is the maximal one. Therefore, e\ 
and e 2 should have the same image under the composition map ep\ o p. With the 
notation from 3.4, this means that there is a subfamily of C with infinitely many 
members gUi with the property giUi H K ^ 0. Then, we can find a sequence {a^} 
with Xfe £ gkUkC\K. Since if is compact, we may assume that limxfe = x £ K, from 
which follows that the covering C fails to be locally finite at x; a contradiction. □ 

The following proposition shows that, especially for cquicontinuous actions, the 
sets J(x), defined in 1.2, can be replaced by the limit sets 

L(x) = {y € X | there exists a net {gi} in G with gi — > oo and lim = y}, 

which arc simpler to handle. The points of the sets L(x) are the limit points of the 
action. 

Proposition 5.3. Let (G, X) be an equicontinuous action of a locally compact 
group G on a locally compact space X . Then J{x) = L(x) holds for every x G X. 
Moreover, if the nets {xi} in X and {gi} in G are such that limxi = x, gi — > oo 
and lim giXi = y e J(x), then lim giX = y E L(x). 

Proof. Since (G, X) is equicontinuous, for every entourage U there exists an en- 
tourage V such that for y E X 

{x,y) E V implies (gx, gy) E U for every g E G. 

But limxi = x, so we may assume that (x,Xi) E V, therefore (giX,giXi) E U and 
(giXi,y) € U. So (g t x, y) E U o U, hence lim^x = y. □ 

A kind of converse of the previous proposition is the following 

Proposition 5.4. Let Y be a zero- dimensional compactification of the locally com- 
pact and connected space Z . Let (G, Y) be an action such that Z is an invariant 
subspace of Y and the action (G, Z) is proper. The restricted action (G, Z) is 
equicontinuous with respect to the uniformity induced on Z by that of Y iff the 
following condition is satisfied: If z E Z is such that there exist a net {zi} in Z 
with lim Zi = z, and a net {gi} in G with gi — > oo and limgfjZj = e E Y \ Z , then 
lim giZ = e. 
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Proof. The necessity may proved by arguments analogous to those applied in the 
proof of the previous proposition. 

For the sufficiency, note that if the action (G, Z) is not equicontinuous at the 
point z, then there exists an entourage U such that for every entourage V there 
exist a point z v G Z and some g v G G such that 

) G Va,nd (g v z,g v z v ) £ U. 

Since the entourages of the uniformity may directed by setting V\ < V<x if V2 QVi, 
we may assume that g v — > 00 and limz v = z. By the compactness of Y, we may 
assume that the nets {g v z} and {g v z v } converge to different points of Y \ Z, a 
contradiction to our hypothesis. □ 

For the formulation of the next basic theorem, we recall that an action (G, X) 
embedded in an action (G,Y), where Y is a zero-dimensional compactification of 
X, is indivisible if whenever lim giyo = e G Y \ X for some yo £ X then lim giy = e 
for every y G X. 

Theorem 5.5. Let (G, \imeX\) be the action defined in Theorem 5.1 and L be the 
set of the limit points of the action (G,X) = (G, lim X\) in \rmsX\. Then, the 
action (G, \\msXx \ L) is 

(a) proper, 

(b ) equicontinuous with respect to the uniformity induced on lim eX\ \ L by that 
of lim eX\ , and 

(c) indivisible as embedded in the action (G, limeX\). 

For the proof we need the following 

Lemma 5.6. Let L\ be the set of the limit points of the action (G,X\) in eX\. 
ThenL = f] x epl 1 (L x ). 

Proof. Let w G L, lim^x = w for x G X = limX\, and <?i — > 00. Then 
lim giSpx(x) = lim ep\{gix) — ep\(w), from which follows that sp\(w) £ L\, there- 
foreLcn A £P^(LA). 

For the inverse inclusion, let v S f^-^ep^^x), that is ep\(v) e L\ for every 
A e A. This means that for each A G A there exist a net {g£} in G with g£ — > 00 
and x\ G X\ with \im.g^x\ = ep\(v). Since the polyhedron X\ is a connected, 
locally compact and locally connected space, it has the "property Z" , therefore, by 
[21 3.4], the action (G,X\) is indivisible as a restriction of (G,eX\). So, we may 
assume that x\ — ep\{x) for a fixed x G X and every A G A. By the compactness 
of lim eX\ , we may assume that limg^iz; = v x G L. So, we have 

ep\(v) = limgtxx = lim g^epx(x) = lim ep x {g^x) = sp\{v x ). 

Let limu A — u G limeA'A- This u is contained in limeA'A \ X, because v x G 
]imeX\ \ X which, by Theorem 5.1, is a compact set. But, for each n G A and 
every A G A with k < A, by 1.4, we have 

£Pk(u) = limep K (i> A ) = lim sp K \ o ep x (v x ) = limep K \ o ep\(v) = ep K (v), 

from which follows that u = v. Taking into account this, that limbec = v x and 
applying a diagonal procedure, we may find a net {gj} in G such that lim gjx = v G 
YmieX\\X . The properness of the action (G,X) implies that this net is divergent, 
and therefore v G L, as required. □ 
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Proof of Theorem 5.5. (a) Assume that {gi} is a net in G and x, x% and y are 
points in lim eX\ \ L such that lim a;; = x and WvagiXi = y. By the previous 
lemma, lim eX\ \ L = {j x ep x 1 (eX\ \ L\). So, there exist k and A such that 

x G ep~ 1 {eX K \ L K ) and y G ep x 1 {eX x \ L x ). 

For an index /x with k < \i and A < /x, we may assume that 

ep-*(eX K \ L K ) U ep^(eX x \ L x ) C £ A M \ L„. 

Indeed, note that if, e.g., z G sp~^(eX K \ L K ) and z G L^, there exist a net {ft-j} 
in G with hj — > oo and some x^ G A M with IvcahjX^ = z, hence lim hj£p Kfi (X)j,) = 
ep Kfl (z) G L K ; a contradiction. 

By this, we may assume that the points x, Xi and y are contained in the open 
and invariant set ep~ 1 (eX ll \ L^). Since, X^ is connected, locally compact and 
locally connected, it has the "property Z", therefore the action (G, eX^ \ L^) is 
proper [2 4.7], hence J{ep fJl {x)) = 0. From this and the fact that lim giep^Xi) = 
£Pn(y), it follows that the net {gi} can not be divergent. Hence, by 1.2, the action 
(G, limeX\ \ L) is proper. 

(b) We shall use Proposition 5.4 for Z = limeXA \ L and the notation there. Let 
lim gjZ — e\. For every A G A we have 

limep A (zj) = epx(z), lim&epAOi) = £P\(e), and \img t ep x (z) = ep\{e{). 

By (a), the action (G,Z) is proper, hence e,ei G L, therefore, by Lemma 5.6, 
£ Px{ e ): e P\( e i) £ L\. From this and the indivisibility of the action (G,sX\ \ L\) 
(cf. [H 3.4]), it follows that ep\(e) = ep\(ei) for every A G A, i.e., e = ei, and the 
assertion follows. 

(c) The proof follows by repeating the arguments in the proof of (b). □ 

Remark We note that X C lim eX\ \ L, because (G,X) is proper and X = 
limAA C lim e X\ . 

6. The maximality of lim eX\ = ^lX and the cardinality of L = fiL 

In this paragraph we prove the main results of the paper. 

Lemma 6.1. Let (X, D) be a uniform space, and (G, X) be an equicontinuous 
action. Then, there exists a finer uniformity D* compatible with the topology of 
X such that G acts on X by pseudoisometries with respect to the pseudometrics 
generating D*. 

Proof. Let {di, i G 1} be a saturated family of bounded pseudometrics on X which 
generates D [4], II, Th. 1, p. 142]. We obtain a pseudometric d* on X such that ev- 
ery h G G acts on X as a ci* -pseudoisometry, by letting d*{x,y) = sup ggG di(gx, gy). 
Let D* denotes the uniformity generated by the family {d* \ i G /}. The topologies 
r, t* induced on X by D and D*, respectively, coincide: Since d*(x,y) > di(x,y), 
we have D C D* and t C t* . Conversely, if U* = Dfe=i Sk(x, e) is a neighborhood 
of x in t*, where Sk{x,e) denotes a d* fc -ball of radius e, centered at x, then the 
equicontinuity of G implies the existence of a neighborhood U x of x in t, such that 
U x C U*. □ 

Theorem 6.2. The compactification lim eX\ = [iX is maximal among the zero- 
dimensional compactifications of X satisfying simultaneously the following proper- 
ties: 



14 



ANTONIOS MANOUSSOS AND POLYCHRONIS STRANTZALOS 



(a) The initial action (G,X) is extended to an action (G,fiX). 

(b) The action (G, fiX\y,L), where [iL is the set of the limit points of the orbits 
of the initial action (G,X) in \iX , is proper, equicontinuous with respect to the 
uniformity induced on [iX \ [iL by that of [iX, and indivisible. 

Proof. By Theorem 5.5, the zero-dimensional compactification [iX of X satisfies 
the properties (a) and (b). So, it remains to prove the maximality of [iX: Suppose 
that Y is a zero-dimensional compactification of X also satisfying these properties, 
such that q : Y — > \imeX\ is a surjection extending the identity map of X (cf. 1.1). 
We have to show that q is bijective. 

Claim 1 : The restriction of q on the set Ly of the limit points of the action 
(G, X) in Y is a bijection. 

Let Ly be the set of the limit points of the action (G, X) in Y, and c\, c 2 G Ly 
be two distinct points such that q(c\) — q(c 2 ). Then, there are open neighborhoods 
V\ and Vi of c\ and c 2 , respectively, in Y with disjoint closures. 

Due to the indivisibility of the action (G, Y\Ly), we may assume that \im g^x — 
c\ and ImihjX — c 2 with gjx G V\ and hjx G V 2 . If there exists a covering 
C = {gUi \Ui G 1A, g G G}, as in 3.7, such that the members of it containing gjX, 
respectively hjX, are pairwise disjoint, then, it is easily seen, that Y\mep\{q{gjx)) — 
Ymiep\{gjx) ^ lim sp\{q{hjx)), a contradiction to the assumption that q(c\) = 
g(c 2 ). Therefore, there exist cofinal families {Aj} and {Bj} of members of C such 
that gjX G Aj, hjX G Bj and Aj n Bj ^ 0. 

Since we consider star coverings, using refinements if it is necessary, we may 
assume that Aj U Bj — fjUj is a member of our covering intersecting both V\ and 
y 2 - Then gjX G fjUj, hence x G gj 1 fjUj G C. Since C is a locally finite covering, 
passing if necessary to a subnet, we may assume that x G gj 1 fjUj = gU r for 
suitable g and r. It follows that hjX — gjgxj, where Xj G U r . Since U r is relatively 
compact in X, we may assume that lim Xj = y G X. Thus, c 2 G J(y) with respect 
to the action (G,Y), because lim hjX = c 2 . From this and the assumption that 
the action (G, Y \ Ly) is equicontinuous, taking into account Proposition 5.4, we 
conclude that lim gjgy = c 2 . This contradicts the fact that gy G X, lim^a; = c\ 
and the action (G, Y \ Ly) is indivisible. 

Claim 2 : The restriction of q on the set Y \ Ly is also a bijection. 

Since q is, by definition, the identity map on X, we have to show that it is 
bijective on Y \ (Ly U X). The action (G,Y \ Ly) is equicontinuous hence, by 
Lemma 6.1, we may assume that G acts by pseudoisometries. So, we are allowed 
to assume that the invariant covering C consists of open sets leading to invariant 
entourages. 

Let 61,62 G Y \ (Ly U X) be two distinct points such that q(b\) = g(6 2 ), and 
V = {(x, y) G (Y \ Ly) x (Y \ Ly) \ dk(x, y) < e, k = 1, 2, . . . , n} be an entourage 
such that (61,62) ^ V. Moreover, we may assume that C consists of open sets 
leading to invariant entourages of the form 

W = {(x,y) G (Y\L Y ) x (Y \ Ly) | d k (x, y) < e/2, k = 1,2,..., n, n + 1, . . . , m}. 

As in the proof of Claim 1 and the notation there, since 61,62 ^ X, we can find 
families {Aj} and {Bj} of members of C and Xj G Aj, yj G Bj such that limxj = 61, 
lim yj = 62 and Aj U Bj is a member of our covering. From this and the specific 
choice of the entourages V and W, it follows that (61, 6 2 ) G V; a contradiction. □ 
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Corollary If X has the "property Z", then [iX = eX. 

Proof. We have to show that if (G, X) is a properly discontinuous action, then the 
properties (a) and (b) of the previous theorem are satisfied for eX, the maximal 
zero-dimensional compactification of X, instead of fiX. This follows from Corollary 
1.1.4, the already mentioned results of [2] in the introduction (cf. [2 4.7 and 3.7]), 
and by Proposition 5.4 for Y = eX and Z = eX \ eL. □ 

Example In our counterexample the set [iL consists of the two end points of the 
diagonal and the zero-dimensional compactification fiX may obtained as a quotient 
space of the half-open Alexandroff square by identifying on the one hand the points 
{(x, 1) | x £ (0, 1]}, and on the other hand the points {(x, 0) | x £ [0, 1)}. 

Theorem 6.3. The space fiL of the limit points of the action (G, X) in /iX either 
consists of at most two points or it is a perfect compact set. In the case where the 
group G is abelian, fj,L has at most two points. 

Proof. Let fiL has infinitely many points. We have to show that for every point 
e of it and every neighborhood V = ep^ 1 (J7) of e (cf. Proposition 1.4.1), we can 
find a point e\ £ /iL with e\ £ V and e\ ^ e: By J5J 4.2], the action (G, eX\ \ L\) 
is proper. In the case under consideration, L\ is a perfect compact set, by [2j 
4.11, Satz D, 4]. Since, by Lemma 5.6, sp\{e) £ L\, we can find e\ £ L\ with 
ex £ U and e\ ^ ep\(e). By the indivisibility of the action (G,X\) (cf. [2j 3.4]), 
there is a net {gi} in G with gi — ► oo and lim gispx(x) = e\ for every x £ X. 
Since \imep\(gix) — e\ and ijlX is compact, fixing an x £ X, we may assume that 
giX £ V and lim^x = e± £ Therefore ei £ V. Since £px(ei) = limepx(gix) = 
c\ ^ ep\(e), we have e\ ^= e. 

Now, assume that \xL has finitely many points. Since, by Lemma 5.6, L = 
P| A epT (L\), the set fj,L is the inverse limit of the inverse system (L\, epx^, A). By 
Theorem 1.2.1, every L\ consists of at most two points. From this and the fact that 
every simplicial map p\^ : X^ — > X\ is defined by deleting the last coordinates (cf. 
3.6), we conclude that /iX has also at most two points. 

If the acting group is abelian, then the action (G, X\) fulfills the assumptions 
of the Theorem 1.17 of [7j, therefore every L\ consists of one or two points. From 
this and using the same arguments as before, we see that fiL consists of at most 
two points. □ 

7. An application 

In this section we apply our main results to show that the already known nec- 
essary condition for the existence of a proper action of a non-compact group on a 
locally compact and connected space with the "property Z" (cf. Theorem 1.2.1) 
remains also necessary in a broad class of actions, containing the properly discon- 
tinuous ones, on spaces that do not have the "property Z". 

Theorem 7.1. Let X be a locally compact, connected and paracompact space, and 
G be a non-compact group acting properly on X such that either Go, the connected 
component of the neutral element of G, is non-compact, or Gq is compact and G/Gq 
contains an infinite discrete subgroup. Then X has 

(a) at most two or infinitely many ends, and 

(b ) at most two ends, if Gq is not compact. 
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Proof. We begin with the proof of (b) and we shall restrict ourselves in the proof 
of (a) only in the case where Go is compact. 

(b) If Go is non-compact, we consider the restricted action (Go,X). By Iwa- 
sawa's Decomposition Theorem, Go contains a closed subgroup isomorphic to M, 
therefore it contains a closed subgroup isomorphic to Z, the additive group of the 
integers. The restricted action (R, X) is proper, therefore the action (Z, X) is 
properly discontinuous. 

Since the space of the ends of X is totally disconnected, every end is a fixed 
point for the action (Go, sX), therefore for the restricted action (Z, eX) too. Since 
the projection p : eX — ► pX is equivariant, every point of /j,X \ X is a fixed point 
for the action (Z, fiX), where (iX is the zero-dimensional compactification of X 
that corresponds to the action (Z, X) by Theorem 6.2. From this and Theorem 6.3, 
there exist at most two limit points for the action (Z, \iX \ /iL) . The set /iX \ X 
cannot have any other point except these limit points, because by Theorem 5.5, 
the action (Z, [iX \ [iL) is properly discontinuous, therefore has compact isotropy 
groups. 

We claim that in this case eX — /j,X holds, which implies (b). To this end, we 
have to prove that p is injective. In order to be able to repeat the arguments in the 
proof of Theorem 6.2, Claim 2 replacing Y by eX, we need the following 

Claim : The action (M, X) is equicontinuous with respect to the uniformity in- 
duced on X by that of eX . 

We shall use Proposition 5.4. Let x G X and \imxi = x for Xi G X. To arrive 
at a contradiction, assume that there exists a net {ti} in K with ti — » +oo and 
limtiX = ei G sX \ X, while \imtiXi = e 2 G eX \ X, where e\ ^ e 2 . Let U and 
V\ be disjoint neighborhoods in eX of x and e\, respectively, with boundaries in 
X. Then, there exists to such that tx G V\ for every t > t , because otherwise, by 
the connectedness of the orbits, we can find a net {rix} in the boundary of V\ with 
limriX = y G X and — » +oo; this is not possible, because the action (R, X) is 
proper, hence L(x) C J(x) = for every x G X (cf. 1.2 and Section 5). So, we 
can find a neighborhood V2 in eX of e 2 with boundary in X, disjoint from U such 
that tx ^ V2 for every t > 0. Since limxi = x G U and lim^Xi = e 2 G V2 there 
exists a net {siXi} in the boundary of V2 such that lim SiXi = z G X. As before, 
the net {s^ cannot be divergent, therefore we may assume that limsi = s > 0. 
Hence z = sx G V2; a contradiction. 

(a) We have to consider only the case where Go is compact and G/Go contains 
an infinite discrete subgroup. Since X is connected and c-compact, the orbit space 
X\Go of the action (Go, X) is connected and er-compact, therefore paracompact. 
The group G/Go acts on X\Go, by letting 

(gGo, Go (a;)) 1— ► Go(gx), for every g G G and x G X. 

This action is well defined, since Go is a normal subgroup of G. Moreover, it is 
proper: Since the initial action is proper, G is locally compact, therefore, by 1.2, 
there exist compact neighborhoods U x , U y in X of x and y, respectively, such that 
the set 

G(U X , U v ) = {g G G I (gU x ) nU y ^®} 

is relatively compact in G. Then W\ — {Go(z) | z G U x } and W2 = {Gq(z) \ z G U y } 
are compact neighborhoods of the points Gq(x), Go(y) in X\Gq, respectively. The 
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set 

(G/G )(W U W 2 ) = {gGo £ G/G | (<?CWi) n VK 2 ^ 0} 

is relatively compact in G/Go- Indeed, let {giGo} be a net in (G/Gq)(W\, W2). 
Then, there exist hi, qi £ Go and X{ £ U x , yi £ U y such that gihiXi = q%yi, i.e., 
q~ 1 g i h i £ G(U x ,U y ). Therefore c/i £ Gq-G(U Xi U y )-Go which is a relatively compact 
subset of G. This means that {giGo} — > 00 is not possible. Hence (G/Go)(Wi, W2) 
is relatively compact. Therefore, every non-compact discrete subgroup F of G/Gq 
acts properly discontinuously on X\Go, which is a locally compact, connected and 
paracompact space. 

So, we can apply our results for the action (F,X\Go)- The surjective map 
q : X — > X\C?o, with g(a;) = Go(x) is proper, because Go is compact, therefore, 
by Proposition 1.1.2, it has a unique extension sq : eX — > e(X\Go) that maps the 
ends of X onto that of X\Go. So, this map relates the ends of X with those of 
X\G . 

Claim : The restriction of the map sq on the set of the ends of X is a bijection. 

Since Go is connected, as before, the ends of X are fixed points for the action 
(Go,eX). The map eq is equivariant, therefore the ends of X\Gq are also fixed 
points with respect to the action (G/Go,e(X\Go))- Since every end of X is a 
Go-orbit, the assertion follows. 

If X has infinitely many ends there is nothing to prove. If X has finitely many 
ends, let /j,(X\Go) be the zero-dimensional compactification of X\Go that corre- 
sponds to the action (F, X\Go) by Theorem 6.2. According to Proposition 5.2, 
we have that n(X\Go) = e(X\Go), and by Theorem 6.3, the set L* of the limit 
points of the action (F,X\Gq) consists of at most two points. There are no other 
ends except those of L* , because by Theorem 6.2(b), the non-compact group F acts 
properly on e(X\Go) \ L* which has finitely many points. This and the previous 
claim prove the theorem. □ 
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